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In this paper, we give necessary and sufficient conditions for generalized solution and
periodicity of the difference equation xn+1 = pnxn−k+xn−(k+1)qn+xn−(k+1) with (k + 2)-periodic
coefficients, where k ∈ N, x−k−1, x−k, · · · , x0 ∈ R. Also, we obtain that the generalized
solution is periodic with (k+ 1)-period.
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1. Introduction
Nonlinear difference equations have long interested mathematics as well as other sciences. They play a key concept in
many applications such as the natural model of a discrete process. There have been many recent investigations and interest
in the field of nonlinear difference equations by several authors [1–8].
In the literature, we can see some studies related to rational recursive equations: Kosmala et al. considered, in [9], the
difference equation yn+1 = (p+ yn−1) / (qyn + yn−1) , n = 0, 1, 2, . . . , where the parameters p, q and the initial conditions
y1, y0 are arbitrary positive real numbers. They investigated the periodic character and the global stability of solutions of
this equation. Camouzis and Ladas, in [10], examined the global character of solutions of the equation in the title with
positive parameters and with arbitrary nonnegative initial conditions. In particular, they showed that every solution of the
equation was bounded. Douraki et al. in [11], proved that every positive solution of the delay difference equation xn+1 =
A/xn−k+ B/xn−3k converged eventually to a period-k solution. Douraki et al. in [12], studied the character of semicycles, the
global stability and the boundedness of the difference equation xn+1 = (xn + pxn−k) / (xn + q) , n = 0, 1, 2, . . . , where the
initial conditions x−k, x−k+1, . . . , x0 are nonnegative and p, q > 0. In [13], Papaschinopoulos et al. examined the stability,
boundedness and attractivity of the positive solutions of the difference equation xn+1 = (pnxn−2+ xn−3)/(qn+ xn−3), where
n = 0, 1, 2, . . . and pn, qn are positive sequences with 2-period. In [14], Stefanidou and Papaschinopoulos investigated
the periodic nature of the positive solutions of the fuzzy difference equation xn = max {A0/xn−k, A1/xn−m} and provided
conditions that the solutions of this equation were unbounded.
In this study, we consider the higher order rational difference equation
xn+1 = pnxn−k + xn−(k+1)qn + xn−(k+1) , n = 0, 1, 2, . . . (1)
where k ∈ N, x−k−1, x−k, . . . , x0 ∈ R, pn and qn are periodic sequences with (k+ 1)-period, pn is not equal to qn.
The aim of this study is to investigate the periodicity and solutions of Eq. (1).
The solution {xn}∞n=−k−1 of (1) is periodic if there exists a positive integer p such that xn+p = xn. Then the smallest such
positive integer p is called the prime period of the difference equation.
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2. Main results
Themain purpose of this section is to establish necessary and sufficient conditions for generalization of the solutions and
the periodicity related to rational difference equation (1).
Now, we can give the following results related to the solutions and periodicity of (1).
2.1. The necessary and sufficient conditions for periodic solution
We will examine necessary and sufficient conditions for periodic solution of Eq. (1) in the following two cases related
to k.
Case 1: Let k be an even natural number.
Theorem 1. For k = 0, assume that a solution of Eq. (1) is {xn}∞n=0. This solution has prime 2-period if and only if x−1 =
1− q0, x0 = 1− q1, pn = 0 and qn ∈ (−∞, 1) \ {0} with 2-period, where x−1, x0 are positive initial conditions.
Proof. First, let the solution {xn} be periodic with 2-period. Then, we can write
x1 = p0x0 + x−1q0 + x−1 = x−1, x2 =
p1x−1 + x0
q1 + x0 = x0.
From the previous equations, it is obvious that
p0x0 + x−1 = (q0 + x−1)x−1, p1x−1 + x0 = (q1 + x0)x0. (2)
By summing both sides of Eq. (2), we have
(p0 + 1) x0 + (p1 + 1) x−1 = x−1 (q0 + x−1)+ x0 (q1 + x0) .
By using equality of polynomial, we can write
x−1 = p1 − q0 + 1, x0 = p0 − q1 + 1. (3)
Similarly, by subtracting both sides of Eq. (2), we obtain
(p0 − 1) x0 + (1− p1) x−1 = x−1 (q0 + x1)+ x0 (−q1 − x0) .
Also, using equality of polynomial, we can write
x−1 = −p1 − q0 + 1, x0 = −p0 − q1 + 1. (4)
Therefore, from (3) and (4), it is clear that p0 = 0 and p1 = 0. Then x−1 = 1− q0, x0 = 1− q1. By iterating this procedure,
it is clear that the sequence {pn} is a zero sequence. Because of x−1 > 0 and x0 > 0, it is obvious that qn ∈ (−∞, 1) \ {0}.
Second, assume that x−1 = 1− q0, x0 = 1− q1 and pn = 0, qn ∈ (−∞, 1) \ {0} with 2-period. From (1), for k = 0, we
can see the equations
x1 = x−1q0 + x−1 =
x−1
1− x−1 + x−1 = x−1,
x2 = x0q1 + x0 =
x0
1− x0 + x0 = x0,
....
Therefore, by iterating this procedure, we obtain the following solution with 2-period
{xn} = {x−1, x0, x−1, x0, . . .} = {1− q0, 1− q1, 1− q0, 1− q1, . . .}
which ends up the proof. 
Theorem 2. For k = 2, assume that a solution of difference equation (1) is {xn}∞n=0. This solution has 4-period if and only if
x−3 = 1−q0, x−2 = 1−q1, x−1 = 1−q2, x0 = 1−q3 and pn = 0, qn ∈ (−∞, 1)\{0}with 4-period, where x−3, x−2, x−1, x0
are positive initial conditions.
Proof. Proof of this theorem can be seen easily in a similar manner with Theorem 1. Then, this solution is
{xn} = {x−3, x−2, x−1, x0, x−3, . . .} = {1− q0, 1− q1, 1− q2, 1− q3, 1− q0, . . .}. 
By using the above theorems, we give necessary and sufficient conditions to have (k+ 2)-periodic solution of Eq. (1) in
the following theorem.
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Theorem 3. Let a positive solution of difference equation (1) be {xn}∞n=0. This solution has (k+ 2)-period if and only if pn = 0,
x−k−1 = 1− q0, x−k = 1− q1, . . . , x0 = 1− qk+1, k = 1, 2, . . . and the sequence qn ∈ (−∞, 1) \ {0} is (k+ 2)-periodic.
Proof. First, assume that Eq. (1) has the solution with (k+ 2)-period. For n = 0, 1, 2, . . . , by using iteration method in (1),
we have
x1 = p0x−k + x−k−1q0 + x−k−1 = x−k−1,
x2 = p1x−k+1 + x−kq1 + x−k = x−k,
...
xk+2 = pk+1x1 + x0qk+1 + x0 = x0.
By applying the same method as in the proofs of Theorems 1 and 2, it is clear that pn = 0 and the solution {xn} can be
obtained {1− q0, 1− q1, . . . , 1− qk+1, 1− q0, . . .}.
Second, assume that pn = 0, x−k−1 = 1− q0, x−k = 1− q1, . . . , x0 = 1− qk+1 and the sequence qn ∈ (−∞, 1) \ {0} is
(k+ 2)-periodic. By using the same iteration method as in the proofs of Theorems 1 and 2, we can see the equations
x1 = x−k−1q0 + x−k−1 = x−k−1,
x2 = x−kq1 + x−k = x−k, . . . ,
...
xk+2 = x0qk+1 + x0 = x0,
xk+3 = x1qk+2 + x1 = x1,
....
Consequently, we obtain the solution with (k+ 2)-period {xn} = {1− q0, 1− q1, . . . , 1− qk+1, 1− q0, . . .}which ends up
the proof. 
Case 2: Let k be an odd natural number.
Theorem 4. For k = 1, assume that a solution of difference equation (1) is {xn}∞n=0. This solution has 3-period if and only if
x−2 = 1− q0, x−1 = 1− q1, x0 = 1− q2 and pn = 0, qn ∈ (−∞, 1) \ {0}with 3-period, where x−2, x−1, x0 are positive initial
conditions.
Proof. First, let the solution {xn} be periodic with 3-period. Then, we can write
x1 = p0x−1 + x−2q0 + x−2 = x−2, x2 =
p1x0 + x−1
q1 + x−1 = x−1, x3 =
p2x−2 + x0
q2 + x0 = x0.
From previous equations, it is obvious that
p0x−1 + x−2 = (q0 + x−2)x−2, p1x0 + x−1 = (q1 + x−1)x−1, p2x−2 + x0 = (q2 + x0)x0. (5)
By summing both sides of Eq. (5), we have
(p0 + 1) x−1 + (p1 + 1) x0 + (p2 + 1) x−2 = x−2 (q0 + x−2)+ x0 (q2 + x0)+ x−1 (q1 + x−1) .
By using equality of polynomial, we can write
x−2 = p2 − q0 + 1, x−1 = p0 − q1 + 1, x0 = p1 − q2 + 1. (6)
We multiply first equality of Eq. (5) with−1 and by summing both sides of Eq. (5), we obtain
(−p0 + 1) x−1 + (p1 + 1) x0 + (p2 − 1) x−2 = −x−2 (q0 + x−2)+ x0 (q2 + x0)+ x−1 (q1 + x−1) .
Hence, we can write
x−2 = −p2 − q0 + 1, x−1 = −p0 − q1 + 1, x0 = p1 − q2 + 1. (7)
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Similarly, we multiply second equality of Eq. (5) with−1 and by summing both sides of Eq. (5), we obtain
(p0 − 1) x−1 + (−p1 + 1) x0 + (p2 + 1) x−2 = x−2 (q0 + x−2)+ x0 (q2 + x0)− x−1 (q1 + x−1) .
Using equality of polynomial, we can write
x−2 = p2 − q0 + 1, x−1 = −p0 − q1 + 1, x0 = −p1 − q2 + 1. (8)
Therefore, from (6)–(8), it is clear that p0 = 0, p1 = 0 and p2 = 0. Then x−2 = 1 − q0, x−1 = 1 − q1, x0 = 1 − q2. By
iterating this procedure, it is clear that the sequence {pn} is a zero sequence. Because of x−1 > 0 and x0 > 0, it is obvious
that qn ∈ (−∞, 1) \ {0}.
Second, assume that x−2 = 1− q0, x−1 = 1− q1, x0 = 1− q2 and pn = 0, qn ∈ (−∞, 1) \ {0}with 3-period. From (1),
for k = 1, we can see the equations
x1 = x−2q0 + x−2 =
x−2
1− x−2 + x−2 = x−2,
x2 = x−1q1 + x−1 =
x−1
1− x−1 + x−1 = x−1,
x3 = x0q1 + x0 =
x0
1− x0 + x0 = x0,
....
Therefore, by iterating this procedure, we obtain the following solution with 3-period
{xn} = {x−2, x−1, x0, x−2, . . .} = {1− q0, 1− q1, 1− q2, 1− q0, . . .}
which ends up the proof. 
Theorem 5. For k = 3, assume that a solution of difference equation (1) is {xn}∞n=0. This solution has 5-period if and only if
x−4 = 1− q0, x−3 = 1− q1, x−2 = 1− q2, x−1 = 1− q3, x0 = 1− q4 and pn = 0, qn ∈ (−∞, 1) \ {0}with 5-period, where
x−4, x−3, x−2, x−1, x0 are positive initial conditions.
Proof. Proof of this theorem can be seen easily in a similar manner with Theorem 4. Then, this solution is
{xn} = {x−4, x−3, x−2, x−1, x0, x−4, . . .} = {1− q0, 1− q1, 1− q2, 1− q3, 1− q4, 1− q0, . . .}. 
By using the above theorems, we give necessary and sufficient conditions to have (k+ 2)-periodic solution of Eq. (1) in
the following theorem.
Theorem 6. Let a positive solution of difference equation (1) be {xn}∞n=0. This solution has (k+ 2)-period if and only if pn = 0,
x−k−1 = 1− q0, x−k = 1− q1, . . . , x0 = 1− qk+1, k = 1, 2, . . . and the sequence qn ∈ (−∞, 1) \ {0} is (k+ 2)-periodic.
Proof. The proof is given in a similar manner with Theorem 3. 
As a result, the following consequence can be clearly seen.
Corollary 7. Let (k+ 2) be a period of the solution of (1). For each i, suppose that the sequence qn is mi-periodic and mi|(k+ 2).
Then, the solution of (1) with mi-period is {xn} = {1− q0, 1− q1, . . . , 1− qmi , 1− q0, . . .}.
2.2. The solutions with (k+ 1)-period
We will give a generalization for (k+ 1)-periodic solution of (1) by examining two cases related to k in this section.
Case 1: Let k be an odd natural number.
Theorem 8. For k = 1, assume that the sequences pn and qn, which pn ≠ qn are periodic with 2-period. For the initial conditions
x−2, x−1, x0 = x−2 ∈ R, the solution with 2-period of difference equation
xn+1 = pnxn−1 + xn−2qn + xn−2 (9)
is
{xn} =

1− r0r1
1− r1 ,
1− r0r1
1− r0 , . . .

where pi − qi = ri ≠ 1, i = 0, 1.
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Proof. From (9), we can have
x1 = p0x−1 + x−2q0 + x−2 = x−1, x2 =
p1x0 + x−1
q1 + x−1 = x0.
By using the equality x−2 = x0, we obtain
(p0 − q0)x−1 = x−2(x−1 − 1),
(p1 − q1)x−2 = x−1(x0 − 1).
If we arrange the above equalities, then the solution can be written
x−2 = 1− r0r11− r1 , x−1 =
1− r0r1
1− r0
which ends up the proof. Consequently, the periodic solution of (9) is
{xn} = {x−2, x−1, x−2, x−1, . . .} =

1− r0r1
1− r1 ,
1− r0r1
1− r0 ,
1− r0r1
1− r1 ,
1− r0r1
1− r0 , . . .

. 
Theorem 9. For k = 3, assume that sequences pn and qn, which pn ≠ qn are periodic with 4-period. For the initial conditions
x−4, x−3, x−2, x−1, x0 = x−4 ∈ R, the solution with 4-period of the equation
xn+1 = pnxn−3 + xn−4qn + xn−4 (10)
is
{xn} =

1− r0r1r2r3
1− (r1r2 − r2 + 1)r3 ,
1− r0r1r2r3
1− (r2r3 − r3 + 1)r0 ,
1− r0r1r2r3
1− (r3r0 − r0 + 1)r1 ,
1− r0r1r2r3
1− (r0r1 − r1 + 1)r2 , . . .

where pi − qi = ri,∑2s=0(−1)s∏i+3j=s+i+1 rj ≠ 1, i = 0, 1, 2, 3.
Proof. Proof of this theorem can be seen easily in a similar manner with Theorem 8. 
By using the above theorems, we can formulate generalized solution of (1).
Theorem 10. Let sequences pn and qn, which pn ≠ qn be periodic with (k + 1)-period, where k is odd and n ∈ N0. For
xn+(k+1) = xn and the initial conditions x−k−1, x−k, . . . , x0 ∈ R, the solution of Eq. (1) with (k+ 1)-period is
xn =
1−
k∏
i=0
ri
1−
k−1∑
i=0
(−1)i
k+n∏
j=n+i+1
rj
,
where pi − qi = ri,∑k−1s=0 (−1)s∏k+ij=s+i+1 rj ≠ 1, i = 0, 1, 2, . . . , k.
Proof. Assume that the sequences pn and qn, pn ≠ qn, are periodic with (k + 1)-period. Let us use the iteration method to
prove this theorem. If we get k = 1 in (1), we have
xn+1 = pnxn−1 + xn−2qn + xn−2 .
Thus, it is obvious that Theorem 8 holds.
For k = 3, we have Eq. (10). Since the solution of (10) is periodic with 4-period, it is seen that Theorem 9 satisfy.
Hence, by iterating this procedure, we have obtained Eq. (1) for any k. If we consider that Eq. (1) is periodic with (k+ 1)-
period, then we can write
x1 = p0x−k + x−(k+1)q0 + x−(k+1) = x−k,
x2 = p1x−k+1 + x−kq1 + x−k = x−k+1,
...
xk+1 = pkx0 + x−1qk + x−1 = x0.
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From x−(k+1) = x0, we can write
(p0 − q0)x−k = x−(k+1)(x−k − 1),
(p1 − q1)x−(k−1) = x−k(x−(k−1) − 1),
...
(pk − qk)x0 = x−1(x0 − 1).
If the previous equations are arranged, then the solution of (1) is obtained
x1 = 1− r0r1 · · · rk1− rk+1 [(r2r3 · · · rk)− (r3r4 · · · rk)+ · · · − 1] ,
x2 = 1− r0r1 · · · rk1− rk+2 [(r3r4 · · · rk+1)− (r4r5 · · · rk+1)+ · · · − 1] ,
...
or using the summation symbol, we can write
xn =
1−
k∏
i=0
ri
1−
k−1∑
i=0
(−1)i
k+n∏
j=n+i+1
rj
. 
Case 2: Let k be even natural number.
Theorem 11. For k = 0, let the sequences pn and qn, which pn ≠ qn be periodic with 1-period. For the initial conditions
x0 = x−1 ∈ R, the solution with 1-period of difference equation (1) is
{xn} = {1+ r0, 1+ r0, . . .} .
Proof. For k = 0, Eq. (1) is
xn+1 = pnxn + xn−1qn + xn−1 . (11)
For x0 = x−1, pn ≠ qn and Eq. (11), we can write
x1 = p0x0 + x−1q0 + x−1 = x0 = x−1.
Hence, we obtain
x−1 = x0 = 1+ p0 − q0 = 1+ r0,
where pi − qi = ri. 
Theorem 12. For k = 2, let the sequences pn and qn, which pn ≠ qn be periodic with 3-period. For the initial conditions
x−3, x−2, x−1, x0 = x−3 ∈ R, the solution with 3-period of difference equation (1) is
{xn} =

1+ r0r1r2
1+ (r1 − 1) r2 ,
1+ r0r1r2
1+ (r2 − 1) r0 ,
1+ r0r1r2
1+ (r0 − 1) r1 , . . .

where pi − qi = ri,∑1s=0(−1)s∏i+2j=s+i+1 rj ≠ −1, i = 0, 1, 2.
Proof. Proof of this theorem can be seen easily in a similar manner with Theorem 11. 
In addition to Theorem 10, we may also obtain different generalized solution of (1) as the following theorem.
Theorem 13. Assume that sequences pn and qn are periodic with (k+ 1)-period, where pn ≠ qn and k is even. For xn+(k+1) = xn
and the initial conditions x−k−1, x−k, . . . , x0 ∈ R, the solution of Eq. (1) with (k+ 1)-period is
xn =
1+
k∏
i=0
ri
1+
k−1∑
i=0
(−1)i
k+n∏
j=n+i+1
rj
,
where pi − qi = ri,∑k−1s=0 (−1)s∏k+ij=s+i+1 rj ≠ −1, i = 0, 1, 2, . . . , k.
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Proof. By applying the same method as in the proof of Theorem 10, the proof can be seen easily. 
In the following theorem, the conditions under which Eq. (1) has a fixed solution are given.
Theorem 14. For initial conditions x−k−1, . . . , x0 ∈ R, Eq. (1) has the fixed solution xn = 1 if and only if pn = qn and
x−k = x−k−1 = · · · = x0 = 1.
Proof. First, assume that pn = qn and x−k = x−k+1 = · · · = x0 = 1. By using iteration method in (1), we have
x1 = p0x−k + x−k−1p0 + x−k−1 =
p0 + x−k−1
p0 + x−k−1 = 1,
x2 = p1x−k+1 + x−kp1 + x−k =
p1 + x−k
p1 + x−k = 1,
...
xk+2 = pk+1x1 + x0pk+1 + x0 =
pk+1 + x0
pk+1 + x0 = 1,
....
Thus, the solution of (1) is constant (i.e. xn = 1).
Second, suppose that we have a fixed solution xn = 1 of (1). In this case, we write
x1 = p0x−k + x−k−1q0 + x−k−1 = 1⇒ p0x−k = q0,
x2 = p1x−k+1 + x−kq1 + x−k = 1⇒ p1x−k+1 = q1,
...
xk+2 = pk+1x1 + x0qk+1 + x0 = 1⇒ pk+1x1 = qk+1,
....
As a result, it is clearly seen that x−k = x−k+1 = · · · = x0 = 1 and pn = qn, where n ∈ N0. 
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